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ABSTRACT

The object of this thesis is to determine the critical speed of a
shaft by an electrical analogy.

The shaft considered is of constant

diameter and is simply supported at the ends by fixing it in self
aligning bearings.

The weight of the shaft is assumed to be

proportionally distributed in the attached masses.

The original system is first of all converted to an equivalent
simple spiring mass system by calculating the influence coefficients
and hence frcan these determining the spring constants.

The spring

mass system obtained is then converted to an equivalent electrical
circuit.

A sine-square wave frequency generator was used to produce the
sine wave voltage which simulates the cyclic external force on the
mechanical system.

In the case of the three mass system two of the capacitances were
negative.

The solution for negative capacitance was obtained by

making two separate amplifier circuits employing inverse feedback
in the amplifier circuit.

The method used in this thesis makes the problem easy for up to
two masses, but for more than two masses it becomes involved by the
introduction of negative capacitances.

The author has given the

solution for the three mass system to show the complications
introduced by increasing the number of masses.
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Electrical frequency (rad./sec.)
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Natural frequency (cps.)
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E

Modulus of elasticity (p.s.i.)

I

.
if- \
Moment of inertia (in. )

d

Diameter of shaft (in.)

L*

Length of shaft (in.)

k, k ±J

Spring constants (lb./in.)

m

Mass

X

Displacement (in.)

L

Inductance

c - ci 3
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Capacitance (farads)

q

Charg e

i

Current (amps.)

T,t

Time (sec.)

F

Force (lbs.)

E*

Voltage (volts)

aij

(Coulombs)

Influence coefficient in.)

w

Weight
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g

Gravitational acceleration (in./sec^ «
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INTRODUCTION

An. analogy is a recognized relationship of consistent mutual
similarity between the equations and elements appearing in two or
more fields of knowledge, and an identification of quantities which
play mutually similar roles in these equations for the purpose of
transfer of knowledge of the behavior of the elements between these
fields. Analog devices were employed in surveying and other
cartographic projects by the Babylonians as early as J800 B.C.

The mechanical system which is dealt with is composed of a constant
diameter shaft with one, two and three masses attached respectively.
In the electrical analogy, an equivalent circuit consists of
inductance, capacitance and resistance.

The chosen mechanical system

is first converted to a simple spring mass lumped system by finding
the influence coefficients, then the equivalent electrical circuit
is formed.

It will be observed that the differential equations for

all of the cases are fully analogous.

If the mechanical system is allowed to operate at or near one of
the natural frequencies the deflection becomes very large.
equivalent electrical circuit the critical speed occurs

In the

when the

voltage across the corresponding capacitance becomes a maximum.
The system is considered in transverse vibrations only.

The study of mechanical vibrations and the electrical analogy of
the mechanical system made the subject interesting to the author
and that lead him to select this topic.
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REVIEW OF LITERATURE

The method of solution for critical speed problems in a mechanical
system was developed by Stodola who considered influence coefficients*

Church

(l)*

discusses the fundamentals of the electrical analogy

for mechanical systems*

He gives a great deal of discussion about

the electrical equivalents to mechanical systems by dimensionless
analysis*

Kemler and Freberg (3)

discuss the electrical analogy and gives

the solutions of various problems*

Karplus and Soroka (2)

discuss the electrical analogy of a simply

supported beam with three concentrated masses by the influence
coefficient method.

The solution of the problem using negative

capacitance is introduced employing inverse feedback in the amplifier
circuit*

Olson (*0

discusses the dynamical analogies and gives general

ideas about the chosen problem*

* Refer to Bibliography for all references*
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DISCUSSION

In the first case a simply supported shaft with a concentrated mass
of one pound is considered.

The diameter of the shaft is 0.25n and

the over all length is 20H.

The mass is placed at equal distances frcsn

both the ends.

The properties of the shaft ar© as follows?

The modulus of elasticity of the shaft is 30x10^ p.s.i.

The moment

of inertia of the shaft i s ;

i

s i w 1* -

-

&

( - r ' 1* =

i -92 *

mi

The spring constant of the shaft at the disc is ;

k = m

=

3 Q^-Q6

L3

x J L A Z .p ,
10-4 = 34.56 lb/in.

<20)3

The natural frequency of the shaft i s l

u)rj

= y/k/m

- /3^» 56 x 386

■=II5.5 rad/sec.

The above system can be reduced to a spring mass system which can
be represented by the equivalent electrical circuit, as shown in fig.l.

The equation

of motion for a spring mass system displaced by a

distance x , due to the force F is*
2
rnff
dt2

+

k x -

F

=

0

According to Kirchhoff's voltage law, the sum of the voltage drops
around a closed loop must be zero. 'Writing the sum of the voltage drops
around the loop,

(a)

One lass System.

(b ) Equivalent Spring M ass System.

(c) Equivalent Electrical Circuit.

Figure

1

5

If q in the electrical system is analogous to x in the mechanical
system, by then comparing the terms of the voltage equation in the
electrical, circuit to the equation of motion in the mechanical system,
the following terms become equivalent*

Thus the electrical circuit satisfies the motion equation, hence
it is an equivalent system.

Table 1 describes the the properties of

the elements in a mechanical system and the corresponding electrical
components for a force voltage analogy.

To find the equivalent quantities in the electrical circuit,
Buckingham's pi theorem was used.

This theorem states that, if

there are N quantities to be considered and M fundamental dimensions,
the number of independent dimensionless groups, designated as.7JJ ^H^etc. ,
that will be formed is N - M.

The amplitude of the displacement at the mass is:

There are three fundamental dimensions in this system, they are:
length in inches (L), force in pounds (F), and time in seconds (T).

6

By Bu eking ham’s pi theorem, there are 5 quantities to be considered and
3 fundamental dimensions, thus the number of independent dimensionless
groups -will be five minus three i.e. 2, pi groups.

To find these the

quantifies m, k and x are selected, giving each Quantity the exponents
of a, b and c respectively.

Considering these quantities with each of

the remaining quantities in turn S

rr,

= ma kb xc oo,n = ( ? L"1 T2 )a (F IT1 )b (L)c (T)"1

jr.^ = m a kb xcF

= ( F L"1 T2 )a (F L"1 )b (L)c (F)

The algebraic sum of the exponents of each fundamental dimension must
eoual zero.

Considering the JT, group ;

F

exponents :

a+ b = 0

L

exponents : - a - b + c =C0

T

exponents : 2a - 1 = 0

By solving the above three equations, values of a , b and c are found to
be a = l/2 , b = - l/2 , c = 0. Substituting these exponents in the
first form of JT/

JT,

;

=<Uln / ra/k

Similarly the value of sr^_ can be found as JTj.

J 7", J rrx

-

F/kx .

The ratios

are converted to an equivalent electrical circuit terms by the

substitution of analogous terms given in Table I.
JTt

=&n/m/k

-

/t C

When the electrical circuit components are selected to have the same
dimensionless ratios as their mechanical counterparts, the two systems
are completely equivalent.
Lotting the inductance L = 3»?3 mhy., and the capacitance C

0 .x jJ . f
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The experimental reading of the electrical frequency is taken on
the frequency generator, when the amplitude of the sine wave curve
in the oscilloscope, is a maximum, giving a reading of 8230 cps.

=

8230 (2yr) = 51684.4- rad/sec.

Converting this frequency to mechanical frequency, which is the
critical speed, by dimensionless group:

A

= * W m/k

=^y"L C

=

3.73 x 10"3 x O.lxlO"6

=

10"5 / 3.73

=

0.999

=

/T7m"

C4P/7 =

=

x 0.999

51684.4 (10“ 5)1.932

= 115.5 x 0.999

115*384 rad/sec., fn = 18.373 cps.

Thus the critical speed of the one mass system is u),n = 115.384
rad/sec., by the electrical analogy.

The theoretical result is:

Ct^v= 115*5 rad/sec.,

fn =

18.4 cps.

The electrical analogy result agrees with the theoretical result:;
with the deviation of 0 .1 5 $.
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The Two Mass System

In this case a system with two masses

and m 2 of 1.26 lb., and 1

lb., respectively, are fixed on a 025 " diameter steel shaft supported
by self aligning bearings at the ends.

It is assumed that the weight

of the shaft is included in the attached masses m^ and m 2 •

Before converting this system to the equivalent electrical system
it is better to convert it into a simple spring mass system by cacrulating the influence coefficients and hence find the spring constants.

There are two masses in the system which give four influence
coefficients aii»a22,a12*a21*

subscripts on the influence coeffi

cients are so arranged that the second subscript indicates the point
at which the unit load is applied, while the first indicates the point
at which the corresponding deflection is being considered.

For small

deflections Maxwell's reciprocity rule states that a1?s a21*
there are only three independent influence coefficients.

actually

The two mass

es and three influence coefficients may be represented by the two mass
es and three spring constants, which can be converted to an electrical
circuit as shown in the figure 2 (c).

A unit

load is applied to each mass in turn in figure 2(b) and

the equations of static equilibrium are written in each case for the
entire system and for each mass individually,

thereby obtaining four

equations. Applying a 1 lb. load at 1, the deflection of 1 is a-^ and
that of 2 is a21. These two deflections will be resisted by two springs
k u and k 22

For static equilibruim of the entire system, the sum of

9

(a) Two Mass System.

Ll

*2

(c) Equivalent Electrical Circuit.

(b) Equivalent Spring Mass System.

(d) Simply Supported Beam.

Figure 2.
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the restoring forces in the system equals the applied force 1 lb.
Let a-p be greater than a ^ .

Considering static equilibrium at mass m^ ,

*11 kn ♦ < an - ai 2 ) k i 2 e 1
Similarly if 1 lb. load is applied at 2, and the static equilibrium
equation is written for the entire system and for the equilibrium at 2,
two similar equations are obtained.*

To calculate the influence coefficients, consider the original
system which is a simply supported beam with two masses on it.
load

A

W is applied at point 1 at a distance a frcsn the left end and

b from the right end of a simply supported beam, as shown in fig. 2(d).
The deflection y at any distance X from the left end support is given by,

The load applied to find the influence coefficients is a unit load
therefore,the deflection y is the influence coefficient.
and ^ 1 5 ",then y is the influence coefficient a-p :

Let X = a =5"

11

To calculate a 22 and a-|? a unit load is applied at 2.

»
a11

= a2 2

by

-Fil-

»

When b = 5",

0.01625”

symmetry.

By Maxwell's reciprocity rule

a^2 = a21«

The equations (l),(2),(3),(^) are solved for

,

k22 » k12 by

substituting the values of a-^ » a22 , a^2 . Subtracting equation
(4) from <2),
**11 kll “ all k22

kn

= k 22

Subtracting (5) from (1),

From equation (*+),

=

0

-----------------
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Equivalent system*
At any instant displacements of masses m-j_ and
respectively, due to the force F.

are x^_ and x>>

The equations of motion of the

system shown in figure 2 (b) are:

m2

According to Kirchhoff *s voltage law, the sum of the voltage drops
around a closed loop must be zero.

Considering the first loop of

figure 2(c),
+ &L2 < «1
Considering the second loop,

dt

If

~22

and q2

- «2 > +

L

ql

-

E

"

0

^12

=

, comparing the corresponding terms in

the equations of motion in the mechanical system to the equations
in the electrical system,
b

T._ -

le~

■

!
9u

,

' E
Therefore, the electrical circuit satisfies the motion equations,
hence it is an equivalent system.
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Applying Buckingham's pi theorem to calculate the equivalents in
the electrical circuit for the two mass system.
or Xg =

, mg , k-j^ y kgg *k12 * ^

f

There are eight variables and three fundamental dimensions, so the
number of independent dimensionless groups, designated as rrt, rr^ •• *
etc., that will be formed are (8-3)= 5»

To illustrate the procedure of obtaining the dimensionless ratio
the procedure

quantities, say jts .

was followed using one of these

The algebraic sum of the exponents of each fundamental dimension must
equal zero.
F

exponents:

a

+ b

=

0

L

exponents:

- a - b + c = 0

T

exponents:

2 a - 1 = 0

Solving the above three equations, a = l/2 , b = - l/2, c = 0, therefore,

— con y ri~]/ kn

=

Z^lCif

Treating the other XT values in a similar manner the following
values are obtained^
_ ^2
Lg.

^

" mi =

k12

C11
=

k 22

C12 5 * * = kn

CH

r;_

= c22 5 ^

F
= kllx ~

E Cqi
3

To calculate the equivalent electrical quantities corresponding to the

mechanical properties, the above dimensionless pi groups were
- IjiLF

calculated. Assume

;

= i

;

On

*= c22

=

1

and

C12 =

= 4.44 hy.

2!± A (10)-6 = 0.286^F.
121

i«-F.

or ■3,52hyThe electrical system components are :

= 1 ^ F.,

C?? = 1

F. ,

Suppose now that masses m^ and
are located at points 1 and 2 and
= 4.44 hy., L2 = 3.52 hy.

ci 2 = °.286^F.,

that the system is vibrating freely at its natural frequency

,

'X,
The calculation•Kof the critical speed
by the influence coefficient
then F^ = m-j_ y^oDy), F2 = m 2 y 2 &)y), where F-j_ and F2 are the
method is done in order to make a check with the electrical analogy.
disturbing forces due to masses m-j_ and m 2 caused by rotation, y-p and
y 2 are the deflections at 1 and 2, and are given by*

inserting the values of F^ and F2 in the above equations,

These equations can be written in the form of determinants as:

15
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The electrical analogy results:

fe-= 74 cps.,

~ ^30 cps.

These results were obtained when the voltage across the capacitance
^22 was max^raum which in the mechanical system means the maximum
amplitude of mass

or m^ , as it is a symmetrical system* Converting

these electrical frequencies to mechanical frequencies by using the
dimensionless form:

The theoretical results:
fni

=

17.643 cps.

f

=

48.885 cps*

n2

The electrical analogy results agree with the theoretical results
with the deviation of 8.456 and 2.3$.
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The Three Mass System

In this case a mechanical system with throe masses m-^

1*26

lb.,

and m^

1 .0 lb., and 0 .9 2 lb., respectively aro fixed on a shaft,

which is supported by self aligning boarings, as shown in fig. 3(a)

Just as it was done for the two mass system, it is better to convert
this system into a simple spring mass system, and then -to an equivalent
electrical system. The same technique for finding the influence
coefficients and spring constants

is applied.

There will be nine influence coefficients as there are three masses.
They are a-j^, A22* *33**12* a21* a13* a31* a23* a32*

^ut

small

deflections Maxwell’s reciprocity rule states that a ^ = a£l * a13= a3 1
etc., so that

actually there are only six independent influence

coefficients.

The three masses and six influence coefficients may be

represented by the three masses and six springs of the equivalent lumped
system shown in the figure 3«

If a unit load is applied to eaoh mass in turn in figure 3 and the
equation of static equilibrium written in each case for the entire
system and for each mass individually, six equations are obtained. Ey
the same argument as in the two mass system the following six equations
can be written t

13

(a)

Three Mass System.

(b) Equivalent Spring Mass System.

Figure 3
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All the influence coefficients can be calculated by the same formula
used in the two mass system.

The influence coefficients were calculated

by the use of the IBM - 1620 computer.

The computed values are \

After determining the above values of influence coefficients, the
first three equations of static equilibrium can be solved for k-Q^k^,
k33 ^

"kke use of the computer.

lb/in., ^ 2 2 ~ - 82.83 lb/in., k ^

The values determined were k~n =96.64
=

96.64 lb/in. Considering- the

remaining three equations of static equilibrium and solving for k]_3

k12» k23 »
(0.0302)96.64 - 0.0169 k12 + 0.0097 k13 =

1

0.0506 k21 - (0.0977)82.83 - 0.0506 k23 =

1

0.0097k31

- 0.0169 k 32 + (0.0302) 96.64 = 1

20

From equation (6),
(0.0169)89 - 0.0097 k15
=

=

1.97

- 48 lb/in.

Finally the spring constants ares
= 96.64 lb/in. = k ^
k22

» k ^ = 89 lb/in. ,= k ^

, k ^ = - 48 lb/in.,

= ** 82,83 lb/in*

Equivalent system:
At any instant the displacements of the masses
>:1 * x2

an8

, it^

s^d m^ are

respectively, due to the force F acting on mass

The equations of motion of the system shown in figure 3(b) are:

According to Kirchhoff's voltage law, the sum of the voltage drops
around a closed loop must be zero. Considering the first loop of figure
4 (a) with inductance L* ,

Considering the second loop with inductance I^,

21

The third loop with inductance

,

Therefore the electrical circuit is analogous to the mechanical
system,

therefore it is an equivalent system.

Applying Buckingham*s pi theorem to calculate the equivalents in
the electrical circuit.
X1 * *2
Because k ^ =

°** *3 =
and k ^

» m 2 * ^3 * kll * k22 * ki2 * ki3 .FX »
= k^2 , k ^

)

and k ^ need not be included.

There are ten variables and the number of fundamental dimensions
is three, so the number of independent dimensionless groups JTt , J7^....
etc., will be

10 - 3 = 7.

Jr, = mj k ^ x c^ =

( F L-1 T2 )a ( F L”1 )*5 (L)c T"1

By carrying out the same procedure to find the dimensionless groups

22

for the two mass system, the dimensionless groups for the three mass
system can be written as:

The mechanical properties of the system are as follows :
m^

=

1,26 lb., m£ = 1 lb., m.j = 0.92 lb., k-[-| = 96,64 lb/in.,= ^33 *

k22 = “ 82,83 lb/in«» \ 2 = 89 lb/in* = k23 » ^ 3 = - 48 lb/in.

The electrical circuit components are as follows:
Iq _ = 4.44 hy. ,

= 3»5 2hyi,

= 3»24 hy.,

= l^F.,

23

Figure 4

Figure

5

Experimental Setup for Three Mass System. Top View,

25

C33 = 1 ,u F., <>£ *» 1.085/^F., C23= 1.085 ,«F.,

C22 = "

C1 3 = - 2.01 HF.

Before going further it is necessary to explain the strange
quantity that was encountered while calculating electrical equivalent
quantities, which is negative capacitance.

A negative capacitance is

a reactive circuit element whose reactance varies inversely as the
frequency, but is positive in sign. At any given frequency a negative
capacitance will present the same type of reactance as an inductance.
However, if the frequency is increased, the reactance of the inductance
will increase in value while that of the negative capacitance will
decrease. This must not occur in the desired circuit as frequency is
to be changed. So the variable units for the elements representing the
negative stiffneses should be used. Then each time the exciting
frequency is changed, the magnitude of the negative unit would also
be changed to bring its impedance at that frequency to the appropriate
value.
A negative capacitance can be made to be substantially independent
of the amplifier tube characteristics and supply voltage variations
and of frequency by employing inverse feedback in the amplifier.

In figure 3(c) is shown an amplifier with an impedance Z ^ connected
between input and output terminals, 1 and 2 respectively, of the two
stage amplifier. The input current is found to be
Ii

=

( E i - A E i ) / Z ?f

.............. (9)

Where A is the amplification and 2^ is the input voltage, the input
impedance Zn isj

26

Figure 6
Experimental Setup for Three Mass System. Front View.

2?

Equation (10) shows that if the gain A is real i.e. has no phase shift,
and greater than unity, Zn will be a negative multiple of Zpf. If Zpf
is a capacitor of value C, equation (10) yields
^

Cpf (1 - A )

The input impedance is that of a capacitance of value Cpf (1 -A)
which for A greater than unity and real is negative.

Positive gain i.e. no phase shift , can be obtained by using a two
stage amplifier. If one stage is used the phase shift between input and
output is 180 degrees, "that means when the input voltage increases, the
output voltage decreases so the gain will be negative(-A). By using the
same type of circuit in connection with the first stage, positive gain
is obtained. It was observed that the final gain A was 2. The complete
circuit is the two stage amplifier.
The calculation of the critical speed of the three mass system by the
influence coefficient method is done by the use o^ the computer.
Suppose that masses mq ,m 2 , and mq are located at points]. , 2 and 3
respectively, and that the system is vibrating freely at its natural
freouency u ) n . Then

F]_ = m-jy^o^ » Fg = ^ 2 ^ 2 ^ ” »

*3 = ro^y^ cb’v,

where F^ , F£ , F«j are the disturbing forces at masses m]_ , mg and m^
respectively, caused by rotation. The deflections at 1, 2 and 3 respect
ively are y^ , y 2 » and y^ and are given by:
yi =

ailFl

+ a12 F2 + a13 F3

y2 =

a21F1

+ a22 F2 + “23 F3

y3 =

a31F1

+ a32 f2 + a33 F3

inserting the values of F1 - F2 ’“"d F3

'

28

=

=
=

a ^ m £ j2

ai;L m1 y1

a21 ir^ y^ CJt,+ a22 m 2 y2
»31

+ a^

+ a ^ m^ y^

y^ < ^ =

»J3 ” 3 y 3 * £ •

+ a32 “ 2 y2

=

0

0

0

These three equations can be written in the form of determinants
as follows^

If this determinant is zero then the above three eouations can be
solved for the displacement. For different values of

c J ?, , the

determinant was solved by means of the computer and the values of
were noted for which the determinant became zero. These values of &-n
are the three critical speeds, they are <^->1,= 50.835 rad/sec.,

&vx = 193.01 rad/sec.,
f„2

=30.73^ cps.,

f

=

321.32 rad/sec., i.e. fn^ =8.094 cps.,

=51.165

cps.

The electrical analogy results are:
fei =

25 cps.,

fe2

=

90 cps.,

f

= 150 cps.

These results were obtained when the voltage across the capacitance
was maximum, which in the mechanical system means the maximum amplitude
of mass m^ , mg or m^. Converting the obtained electrical freauency
to the mechanical frequency, which is the critical speed, in dimension
less form:

tin

°

*^1^11

29

The theoretical results are :
f
nl

= 8.09^ cps.,

f
“2

=

30.73^

cps.,

f

=

51.165 cps.

3

The electrical analogy results agree with the theoretical results
with the deviations of 10.6$ , 6.14$ , and 6.28$.
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CONCLUSION

It can be concluded that the solution of a mechanical vibration
problem can be easily obtained by electrical analogy.

The solution

of the problem of critical speed of transverse vibration of the shaft
up to two masses can be easily obtained by the electrical analogy.
For more than two masses the solution by electrical analogy becomes
cumbersome while the solution of a mechanical system by computer is
much easier.

B y the influence coefficients method the actual system is converted
to a spring mass system which makes it easier to convert it into an
electrical system.
From the values of influence coefficients and spring constants it
can be seen that for the two mass system the influence coefficients
a.^ and a,22 were equal because of symmetry, and so the spring constants
and k22 were equal. Similarly for the three mass system influence
coefficient a^

equals a ^ and a^2 equals a ^ due to symmetry and so

k ^ equals k ^ and k ^ equals k ^ .
Two of the spring constants k-j^ and k£2 were negative so while
finding electrical equivalents, two corresponding quantities came out
negative which is a negative capacitance.
From the circuit diagram for each case it can be seen that the
number of loops gives

that

number

of

degrees of freedom.

From the two stage it was observed that the final gain was two
which is real and greater than unity.
The tests made on the one, two and three mass system show that

31

calculated frequencies for the mechanical system and the equivalent
frequencies from the electrical system

check very closely. The reasons

for not getting the exact values of frequencies are inherent resistance
of the inductors, inaccuracy of component values and the calibration
error of the instruments. The theoretical critical speed calculated
mathematically neglects many valuables such as

gyroscopio effect,

bearing elasticity etc.
A simply supported beam problem up to three concentrated masses can
be solved by the same method followed for the critical speed of the
shaft up to three masses.
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